In this paper, we propose a full characterization of a generalized q−deformed TammDancoff oscillator algebra and investigate its main mathematical and physical properties. Specifically, we study its various representations and find the condition satisfied by the deformed q−number to define the algebra structure function. Particular Fock spaces involving finite and infinite dimensions are examined. A deformed calculus is performed as well as a coordinate realization for this algebra. A relevant example is exhibited. Associated coherent states are constructed. Finally, some thermodynamics aspects are computed and discussed.
I. INTRODUCTION
Quantum algebras and quantum groups play a leading role in physics and mathematics.
Quantum groups or q−deformed Lie algebras imply some specific deformations of classical Lie algebras. From the mathematical point of view, it is a non-commutative associative Hopf algebra. The structure and representation theory of quantum groups have been developed extensively by Jimbo 1 and Drinfeld 2 (and references therein).
The q−deformation of the oscillator algebra was first accomplished by Arik and Coon and lately accomplished by Macfarlane 4 and Biedenharn 5 by using the q−calculus which was originally introduced by Jackson in the early 20th century 6 . As matter of other relevant works citation, let us also mention the q−oscillator algebras investigated by Kuryshkin 7 , Jannussis and collaborators 8 , Hounkonnou et al 9, 10 and references therein. In the study of the basic hypergeometric functions, Jackson invented the Jackson derivative and integral, which is now called q−derivative and q−integral. Jackson's pioneering research enabled theoretical physicists and mathematicians to study new physics and mathematics related to the q−calculus. Much was accomplished in this direction and work is under way to find the meaning of the deformed theory.
Historically, the q−deformed Tamm-Dancoff oscillator algebra was first introduced in 11 , and some of its Hopf algebraic aspects were also discussed in 12 . We designate here this model under the name of the TD-oscillator model. It should be pointed out that some of the quantum statistical properties of this model, with the range q < 1, have been also considered in 13, 14 in the investigations on the two-parameter-deformed oscillators.
The TD-oscillator model is defined by the following commutation relations
where a, a † and N are the annihilation, creation and number operators, respectively. The algebra (1) was shown to have a Hopf algebra structure 12 . See also 15 , where is shown the Hopf algebra structure of a generalized Heisenberg-Weyl algebra.
In this paper, we consider a generalization of the q−deformed Tamm-Dancoff oscillator algebra and investigate its main mathematical and physical properties.
The paper is organized as follows. In Section II, we study the representation for the generalized q−deformed TD oscillator algebra and find the condition satisfied by the deformed number. In Section III, we find the deformed derivative and deformed integral and obtain a coordinate realization for this algebra. An interesting example is discussed. Associated coherent states are constructed in the Section IV. Section V is devoted to the generalized q−deformed TD oscillator algebra in d−dimensional Fock space. Its representation as well as the deformed derivative and deformed integral are given. Finally, some thermodynamics aspects are discussed in Section VI.
II. GENERALIZATION OF THE Q-DEFORMED TAMM-DANCOFF OSCILLATOR ALGEBRA
Let us consider the following algebra
where the new q−deformed number is defined as
Meljanac et al 16 introduced the generalized q−deformed single-mode oscillator algebra through the identity operator 1, a self-adjoint number operator N , a lowering operator a and an operatorā which is not necessarily conjugate to a satisfying
where F and G are arbitrary complex analytic functions. The same algebra was investigated by Bukweli and Hounkonnou 17 . These authors show that from the relation (4), one can get
implying the existence of a complex analytic function ϕ such that aa = ϕ(N ) and aā = ϕ(N + 1).
Therefore, (5) can be rewritten as follows:
where the structure function ϕ(n) is as follows
and
Let us denote now a † the Hermitian conjugate of the operator a. Then,
where c(N ) is given by c(N ) = e i arg ϕ(N ) . The algebra (2) is the particular case of (8) with
If we choose µ = 1, η = 0, α = 1, β = −1, the algebra (2) becomes TD-algbera. The algebra (2) is called a generalized q−deformed Tamm-Dancoff oscillator algebra. When q goes to unity, we have {N } = (µ + η)N . For correspondence, we demand
Then the relation (3) becomes
From now we restrict our concern to the case when q is real. We are interested in the Fock representation of the algebra (2); this is an irreducible representation constructed on a Hilbert space with the orthonormal basis of vectors |n , n = 0, 1, 2, · · · . The action of N is standard in the sense that
while the action of the remaining operators is given by
The latter relations require {n} µ ≥ 0, implying
When µ ≤ 1, the inequality holds for all n. However, it is not the case when µ > 1. In this case, the solution of the inequality (17) depends on the value of q and α − γ. Thus, we have the following four cases.
• Type I :
III. THE q−DEFORMED TAMM-DANCOFF OSCILLATOR ALGEBRA
WITH AN INFINITE DIMENSIONAL FOCK SPACE
In this section we suggest an interesting example for the algebra (2) with infinite dimensional Fock space. We restrict our concern to the case when 0 < q < 1. Let us take the following values:
With this choice, we have
where
This choice gives us an infinite dimensional representation. Therefore, we have
In order to have a functional realization of this representation, we consider the space P of all monomials in variable x, and introduce its basis of monomials
Then, the functional realization of the algebra (22) is given by
where the new deformed derivative is given by
The Leibniz rule of the deformed derivative is then given by
Let Q µ and P µ be the deformed position and momentum operators defined as follows:
The operators (a † +a) and i(a † −a) are not essentially self-adjoint, but have a one-parameter family of self-adjoint extensions for 0 < q < 1.
Indeed, the matrix elements of the operator a † + a on the basis vector |n of the space P are given by
while the matrix elements of the operator i(a † − a) are given by
where b n,µ = {n + 1} µ . Besides, the operators (a † + a) and i(a † − a) can be represented by the two following symmetric Jacobi matrices, respectively,
For 0 < q < 1, we have
Considering the series
This ratio test leads to the conclusion that the series
Therefore, the Jacobi matrices in (36) and (37) are not self-adjoint (Theorem 1.5., Chapter VII in Ref. 18 ) but have each a one-parameter family of self-adjoint extensions.
Let
be the deformed Hamiltonian associated to the algebra (22) . The following statement holds:
• The vectors |n are eigen-vectors of H µ with respect to the eigenvalues
• The mean values of Q µ and P µ in the states |n are zero while their variances are given by
respectively, where (∆X)
n with X n = n|X|n .
• The position-momentum uncertainty relation is given by
which is reduced, for the vacuum state, to the expression
Let us turn back to the derivative (29) and defined the deformed integral as follows:
Applying the deformed derivative and the deformed integral to x n yields
and Dx x n = x n+1 {n + 1} µ .
For the deformed derivative and the deformed integral, we have the following formulae
where Dx
The deformed exponential function E µ (x) is defined as
satisfying
for an arbitrary constant ω. From the relation
we can obtain the following formula
Inserting ω = 1 into the relation (52) yields
Replacing µ with 1 − µ in the relation (53), we have
where we use
IV. COHERENT STATES
In this section, we construct the coherent states of the generalized TD-oscillator algebra (22) . The coherent states |z are defined as the eigenstates of the annihilation operator in the form a|z := z|z .
They can be represented by using the eigenvector of the number operator as follows :
From (58), we get the following recurrence relation
From z|z = 1, we have
and the coherent states (57) become
They are continuous in their label z. Indeed,
So,
Besides, their overcompleteness relation can be established as follows:
where µ(|z| 2 ) is a weight function. Inserting (62) into (66), we obtain
where x = |z| 2 , imposing to find a function f such that
Therefore, not all deformed algebras lead to coherent states since the moment problem (68) does not always have solution 19, 20 . So, the question arises is then how to determine the function f (x) in (68)? Using the formula (54), we can write
Inserting (69) into (68) yields
Solving the above equation, we have
The first few g k 's are as follows:
On the other way, using the formula (54), we have
By replacing n + 2 by n, the latter equation is equivalent to
with
. Therefore, the function f (x) has the form
from which the relation
follows.
V.
d-DIMENSIONAL
In this section we suggest an interesting example for the algebra (3). Now we restrict our concern to the case that 0 < q < 1. Let us take the following values:
We also set
where d ∈ Z + . In this choice, we have
We can easily find that (81) reduces to the Tamm-Dancoff case when d goes to infinity. This choice gives us the d-dimensional representation of algebra (2):
With these considerations, the functional realization of the algebra (22) is also given by
where the deformed derivative D 
As a particular case, we have
The deformed exponential function E d (x) can be defined as:
with the property
we can derive the following formula
Setting ω = 1 into the relation (95) yields
VI. DEFORMED BLACK BODY RADIATION
The thermodynamics properties are shown to be determined by the partition function Z defined by
where β = 1/kT . In the generalized TD (GTD)-oscillator algebra, we assume the Hamiltonian as
Now we can compute the partition function for the GTD-oscillator as follows:
For any operatorÔ, the ensemble average is then defined by
While the thermodynamics for a system with Hamiltonian (99) is independent of the deformation, Green functions like a † a will depend on the deformation. For the symmetric Tamm-Dancoff (STD)-oscillator, we have
As seen in (22) and in the formula (102), this expression of one-particle distribution (also called mean occupation number) separates into two terms by putting µ = 0, or µ = 1, respectively, which are nothing but ordinary Tamm-Dancoff formulae (though with q → 1/q in case of µ = 1). On the other hand, the one-particle distribution formula for the usual Tamm-Dancoff model readily follows, at p → q, of 21 . Besides, when q → 1, the equation (102) reduces to the classical result of nondeformed case, i.e.,
It also appears that the mean occupation number for deformed photons obeying the GTDalgebra has a discontinuity at x = ln q −1 for 0 < q < 1, where x = βw. Figure 1 shows the discontinuity of a † a . The discontinuity disappears if we restrict the range of x to Figure 2 shows the distribution without discontinuity. 
VII. CONCLUSION
In this work, we have proposed a full characterization of a generalized TD-oscillator algebra and investigated its main mathematical and physical properties. Specifically, we have studied its various representations and found the condition satisfied by the deformed q−number to define the algebra structure function. Particular Fock spaces involving finite and infinite dimensions have been examined. A deformed calculus has been performed as well as a coordinate realization for this algebra. A relevant example of the generalized q−deformed TD oscillator algebra has been exhibited. Associated coherent states have been constructed with required mathematical conditions. Besides, some thermodynamics aspects have been computed.
Finally, let us mention that, although the main part of this work dealt with only two parameters q and µ, the investigation of the more general case with a number of parameters greater than two can be performed in a similar way as done in 22 . For instance, the multiparameter deformed algebra (2) and its deformed number (3) lead to the following actions for the operators N, a and a † on the Fock space, for n = 0, 1, 2, · · · :
where {n} = n µq αn+β + ηq γn+δ .
In this case, the position and momentum operators Q and P, Q := (1/2 m ω) 1/2 (a † + a) and P := i (m ω/2) 1/2 (a † − a),
allow us to define the GTD oscillator Hamiltonian operator H and its eigenvalue as:
and E(n) = ω 2 {n} + {n + 1} ,
respectively. All other results obtained in this work can be formally extended to the multiparameter deformation case, except for the resolution of the moment problem which can be a difficult task. A thorough analysis of all these questions will be in the core of the forthcoming paper.
